Boundedness and Compactness of Toeplitz operators with L^1 symbols on
  the Bergman space by Agbor, Dieudonne
ar
X
iv
:0
70
8.
26
11
v1
  [
ma
th.
CV
]  
20
 A
ug
 20
07
Boundedness and Compactness of Toeplitz
operators with L1 symbols on the Bergman Space∗
Dieudonne Agbor †
February 1, 2008
Abstract
We characterise the boundedness of a Toeplitz operator on the
Bergman space with a L1 symbol. We also prove that the compact-
ness of a Toeplitz operator on the Bergman space with a L1 symbol is
completely determined by the boundary behaviour of its Berezin trans-
form. This result extends known results in the cases when the symbol
is either a positive L1 function, an L∞ function or a general BMO1
function.
1 Introduction.
Toeplitz operators are one of the most widely studied classes of concrete
operators. The study of their behaviour on Hardy and Bergman spaces
has generated an extensive list of results in operator theory and function
theory. One of the latest approaches in this area is the use of the Berezin
transform as a determining factor of the behaviour of Toeplitz operators (see
[1],[2],[5],[7],[8]).
Let dλ denote the Lebesgue area measure on the unit disk ∆, normalized
so that λ(∆) = 1. For 0 < p <∞, the Bergman space Lpa(∆) is the subspace
of Lp(∆, dλ) consisting of functions analytic on the unit disk ∆. Let P be
the Bergman projection from L2(∆, dλ) onto L2a(∆) defined by
(Pg)(z) =
∫
∆
g(w)Kz(w) dλ(w)
where Kz(w) =
1
(1−zw)2
is the Bergman reproducing kernel. The normalized
Bergman kernel is kz(w) =
1−|z|2
(1−zw)2
. For a function f in L1(∆, dλ), the
Toeplitz operator Tf on L
2
a(∆) is defined by
Tfg = P (fg).
∗Mathematical Subject Classification: 47B35
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Indeed, since the Bergman projection can be extended to L1(∆, dλ), the op-
erator Tf is well defined on H
∞(∆), the space of bounded analytic functions
on ∆, which is dense in L2a(∆). Hence, Tf is always densely defined on L
2
a(∆).
Also, since P is not bounded on L1(∆, dλ), Tf can be in general unbounded.
Our first result characterises boundedness of Tf with f ∈ L1(∆, dλ). Pre-
cisely we have the following:
Theorem 1 Let f ∈ L1(∆, dλ). Then Tf extends to a bounded operator on
L2a(∆) if and only if
sup
z∈∆
‖Tf ◦ ϕz1‖2 <∞ and sup
z∈∆
‖Tf ◦ ϕz1‖2 <∞.
For an operator A on L2a(∆), the Berezin transform of A is the function
A˜ on ∆ defined by
A˜(z) = 〈Akz , kz〉.
Here, and elsewhere in this paper, the inner product 〈, 〉 and the norm ‖‖2
are taken in the space L2(∆, dλ). If A is bounded on L2a(∆), then A˜ is a
bounded function. Since the kernel kz converges weakly to zero in L
2
a(∆) as
z approaches the unit circle ∂∆, we have that if A is compact, then A˜(z)→ 0
in L2a(∆) as z → ∂∆. The converse in both cases is not necessarily true, see
N. Zorboska [8] for some counterexamples. To simplify the notation, for f
in L1(∆, dλ), the Berezin Transform T˜f of Tf will be denoted f˜ and will be
called Berezin transform of f. In other words,
f˜(z) = T˜f (z) =
∫
∆
f(w)|kz(w)|2 dλ(w).
However, we are going to show the converse result when A is a Toeplitz
result Tf , f ∈ L1(∆, dλ). Precisely we prove the following result:
Theorem 2 Let f ∈ L1(∆, dλ). Suppose that Tf bounded on L2a(∆) and
that f˜(z)→ 0 as z → ∂∆. Then Tf is a compact operator on L2a(∆).
This theorem extends known results in the cases when the symbol is
either a positive L1 function, an L∞ function or a general BMO1 function
earlier proved respectively by K. Zhu [7], S. Axler and D. Zheng [1] and
N. Zorboska [8]. An attempt to prove this theorem was undertaken by N.
Zorboska [8]. She proved the following theorem:
Theorem 3 Let f ∈ L1(∆, dλ) be such that Tf is bounded on L2a(∆) and
that
sup
z∈∆
‖Tf ◦ ϕz1‖p <∞ and sup
z∈∆
‖Tf ◦ ϕz1‖p <∞
for some p > 3. Suppose that f˜(z) → 0 as z → ∂∆. Then Tf is a compact
operator on L2a(∆).
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At the end of her paper, N. Zorboska posed the question of extending
the latter theorem with the condition p > 3 replaced by p > 2. By the way,
quite recently, Miao and Zheng[5] have shown that the number p cannot
be improved in general for all bounded operators on L2a. Of course, our
theorem solves Zorboska’s problem. Our methods of proof are adapted from
methods used in both in [1] and [8] which we combine with a result due to
D. Luecking [3].
2 Useful concepts.
For z ∈ ∆, let ϕz be the analytic map of ∆ onto ∆ defined by
ϕz(w) =
z − w
1− zw .
A simple calculation shows that ϕz ◦ ϕz is the identity function on ∆.
For z ∈ ∆, let Uz : L2a(∆)→ L2a(∆) be the unitary operator defined by
Uzf = (f ◦ ϕz)ϕ′z .
Then Uz is a self-adjoint unitary operator. In particular, for g ∈ L2a then
‖Uwg‖2 = ‖g‖2.
We shall use the following lemma:
Lemma 1 For f in L1(∆, dλ), if Tf bounded on L
2
a(∆), then
UzTfUz = Tf◦ϕz .
P roof. Direct calculation.
The next lemma will also be useful:
Lemma 2 Let f ∈ L1(∆) and h ∈ L2a(∆). Then
1. (TfKz)(u) = Kz(u)P (f ◦ ϕz)(ϕz(u);
2. (TfKz)(u) = (TfKu)(z);
3. (Tfh)(v) =
∫
∆ h(u)(TfKu)(v) dλ(u)
4. T ∗f h = Tfh if Tf is bounded on L
2
a(∆).;
Proof. 1. For f ∈ L1(∆, dλ), we have
(TfKz)(u) =
∫
∆
f(w)Kz(w)Ku(w) dλ(w),
3
which is equal to∫
∆
f(ϕz(v))Kz(ϕz(v))Ku(ϕz(v))|kz(v)|2 dλ(v),
by making the change of variable w = ϕz(v). Also,
Kz(ϕz(v))kz(v) =
1
1− |z|2 (1)
and
Ku(ϕz(v))kz(v) = Kϕz(u)(v)kz(u).
Thus,
(TfKz)(u) =
∫
∆
(f ◦ ϕz)(v) 1
1 − |z|2Kϕz(u)(v)kz(u) dA(v)
= Kz(u)P (f ◦ ϕz)(ϕz(u)).
2. We have:
(TfKz)(u) = 〈TfKz,Ku〉
= 〈fKz,Ku〉
=
{∫
∆
f(w)Kz(w)Kw(u) dA(w)
}
=
∫
∆
f(w)Ku(w)Kw(z) dA(w) = (TfKu)(z).
3. Since h ∈ L2a(∆) we have∫
∆
h(u)(TfKu)(v) dλ(u) =
∫
∆
h(u)
(∫
∆
f(z)Ku(z)Kz(v) dλ(v)
)
dλ(u)
=
∫
∆
f(z)Kz(v)
(∫
∆
h(u)Ku(z) dλ(u)
)
dλ(z)
=
∫
∆
f(z)h(z)Kz(v) dλ(z) = (Tfh)(v).
4. If Tf is bounded on L
2
a, then T
∗
f is also bounded on L
2
a. So for
h ∈ L2a, we have
(T ∗f h)(z) = 〈T ∗f h,Kz〉 = 〈h, TfKz〉 = 〈h, fKz〉 = Tfh(z).
Let z,w ∈ ∆. Then the Bergman metric B(z,w) is given by
B(z,w) =
1
2
log
{
1 + |ϕz(w)|
1− |ϕz(w)|
}
.
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For z ∈ ∆ and δ > 0 we define
D(z, δ) = {w ∈ ∆ : B(z,w) < δ}.
Then D(z, δ) is a Euclidean disk with centre C and radius R given by
C =
1− s2
1− s2|z|2 z, R =
1− |z|2
1− s2|z|2 s where s =
eδ − e−δ
eδ + e−δ
= tanh δ.
We will denote the normalized Lebesgue area measure ofD(z, δ) by λ(D(z, δ)).
Our next lemma is an application of a result by D. Luecking[3] which
gives a necessary and sufficient condition for a positive Borel measure µ on
∆ to satisfy the following property: the Bergman space Lpa(∆, dλ), the space
of analytic function is Lp(∆, dλ), is embedded in Lq(∆, dµ) for p > q > 0.
Precisely, Luecking’s result is the following:
Theorem 4 Suppose < δ < 12 and 0 < q < p. Define the function , k(w) :=
µ(D(w,δ))
λ(D(w,δ)) , the estimate(∫
∆
|f |qdµ
) 1
q ≤ C
(∫
∆
|f |p dλ
) 1
p
for all f ∈ Lpa(∆, λ)
holds if and only if k is in Ls(∆, dλ), where 1s+
q
p = 1. Moreover, C = c‖k‖
1
q
s .
From now on, we shall keep δ fixed and we shall write D(z) instead of
D(z, δ), for z ∈ ∆. Furthermore, for ǫ > 0, define an operator S by
(Sf)(z) =
∫
∆
|f(v)| 1
1 − |z|2
1
1− |v|2
1
(1− |ϕz(v)|2)2ǫ−1 dλ(v). (2)
Lemma 3 Let p > 1 and 0 < ǫ < 12p′ where p
′ is the conjugate exponent of
p. Then there exist a constant C = C(p, ǫ) such that for all f ∈ L1(∆), the
following estimate holds:
|Sf(z)| ≤ C(Kz(z))ǫ‖f‖p.
Proof. Let
dµ(v) =
1
1− |z|2
1
1− |v|2
1
(1− |ϕz(v)|2)2ǫ−1 dλ(v).
Then
µ(D(w)) =
∫
D(w)
1
1− |z|2
1
1− |v|2
1
(1− |ϕz(v)|2)2ǫ−1 dλ(v)
≤ C
(1− |z|2)(1− |w|2)(1 − |ϕz(w)|2)2ǫ−1λ(D(w)).
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The last equation comes from the fact that
1
(1− |ϕz(v)|2) =
(1− |w|2)
(1− |v|2)
1
(1− |ϕz(w)|2)
|1− zv|2
|1− zw|2 ≤ C
1
(1− |ϕz(w)|2)
|1− zv|2
|1− zw|2
since v ∈ D(w). Also, for v ∈ D(w) we have
|1− zv| ≤ |1− zw|+ |w − v| ≤ |1− zw|+ C(1− |w|2).
This shows that
|1− zv|2
|1− zw|2 ≤ C
Next, if k(w) = µ(D(w)λ(D(w) then
k(w) ≤ C
(1− |z|2)(1− |w|2)
|1− zw|2(2ǫ−1)
(1− |w|2)2ǫ−1(1− |z|2)2ǫ−1
≤ C
′
(1− |w|2)2ǫ(1− |z|2)2ǫ =
C ′
(1− |w|2)2ǫKz(z)
ǫ.
Furthermore, we see that k belongs to Lp
′
(∆, dλ) if 0 < ǫ < 12p′ . Thus by
Luecking[3], there exists a constant C = C(p, ǫ) > 0 such that∫
∆
|f |dµ ≤ C‖f‖p(Kz(z))2ǫ
which proves our lemma.
Remark 1 For ǫ > 0 let g(v) = (Kv(v))
ǫ. Then for all h ∈ L1(∆, dA) and
all u ∈ ∆, the following identity is true:∫
∆
|Ku(v)P (h ◦ ϕu)(ϕu(v))|g(v)dλ = (S(P (h ◦ ϕu))(u)
where the operator S was defined in (2).
Proof. The change of variable v = ϕu(w) in the left hand side integral yields
that it is equal to∫
∆
|P (h ◦ ϕu)(w)| 1
(1 − |u|2)(1 − |w|2)
1
(1− |ϕu(w)|2)2ǫ−1 dλ(w).
Here we used (1).
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3 Proof of Theorem 1
Let f ∈ L1(∆), h ∈ L2a(∆) and v ∈ ∆. Then by Lemma 2 assertion 3 we
have that
(Tfh)(v) =
∫
∆
h(u)(TfKu)(v) dA(u)
which implies that Tf is an integral operator with kernel (TfKu)(v). By
Schur’s lemma, if there exist a positive measurable function g on ∆ and
constants c1, c2 such that∫
∆
|(TfKu)(v)|g(v)2 dλ(v) ≤ c1g(u)2 (3)
for all u ∈ ∆ and ∫
∆
|(TfKu)(v)|g(u)2 dλ(u) ≤ c2g(v)2 (4)
for all v ∈ ∆, then Tf is bounded on L2a and ‖Tf‖ ≤
√
c1c2.
For ǫ > 0, take g(v)2 = (Kv(v))
ǫ. Then assertion 1 of Lemma 2 implies
that the left hand side of (3) is equal to∫
∆
|Ku(v)P (f ◦ ϕu)(ϕu(v))|g(v)2 dλ(v). (5)
According to (5) and Remark 1, the left hand side of (3) can be written as
(S(P (h ◦ ϕu))(u).
Now for 0 < ǫ < 14 we obtain from Lemma 3 that there exists a constant
C > 0 such that
(S(P (f ◦ ϕu))(u) ≤ C‖P (f ◦ ϕu)‖2(Ku(u))ǫ
≤ C sup
u∈∆
‖P (f ◦ ϕu)‖2(Ku(u))ǫ.
This gives estimate 3 with c1 = C supu∈∆ ‖P (f ◦ ϕu)‖2.
Let us next prove the estimate in (4). We use assertion 2 of Lemma 2
to get that the left hand side of (4) is at most∫
∆
|TfKv)(u)|g(u) dλ(u) =
∫
∆
|Kv(u)P (f¯ ◦ ϕv)(ϕv(u))|g(u) dλ(u)
= S(P (f¯ ◦ φv))(v).
If 0 < ǫ < 14 , then Lemma 3 implies there exists a constant C > 0 such that
SP (f ◦ ϕv)(v) ≤ C sup
v∈∆
‖P (f ◦ ϕv)‖2g(v).
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This gives estimate (4) with c2 = C supv∈∆ ‖P (f ◦ ϕv)‖2.
Thus by Schur’s Lemma Tf is bounded on L
2
a(∆).
Conversely, if Tf is bounded we have using Lemma 1
sup
z∈∆
‖Tf◦ϕz1‖2 = sup
z∈∆
|UzTfUz1‖2 = sup
z∈∆
‖TfUz1‖2 ≤ ‖Tf‖2 <∞.
Since Tf bounded implies Tf¯ is bounded this also shows in a similar manner
that supz∈∆ ‖Tf◦ϕz1‖2 is finite.
4 Compactness of Tf , f ∈ L1(∆)
We start by presenting some necessary results that will be useful in our
prove of the main theorem in this section.
Theorem 5 Let A be a bounded operator on L2a(∆) and let Uz be the unitary
operator on L2a(∆). Then the property A˜(z) → 0 as z → ∂∆ implies that
UzAUz1→ 0 weakly in L2a(∆) as z → ∂∆.
P roof. We shall represent the operator UzAUz simply by Az. To prove
this result, it suffices to show that 〈Az1, wp〉 → 0 as z → ∂∆ for any non-
negative integer p.
Firstly, we have that A˜ ◦ ϕz = A˜z. Indeed, For w ∈ ∆, we have
A˜z(w) = 〈Azkw, kw〉 = 〈AUzkw, Uzkw〉.
Also, since
Uzkw(v) =
−(1− |ϕz(w)|2)|1− zw|2
(1− vϕz(w))2(1− zw)2
we see that
〈AUzkw, Uzkw〉 = 〈Akϕz(w), kϕz(w)〉.
We shall also make use of the power series representation of the normalised
Bergman kernel, precisely
kz(w) = (1− |z|2)
∞∑
m=0
(m+ 1)zmwm. (6)
For z ∈ ∆ we have
A˜(z) = (1− |z|2)2
∞∑
m,n=0
(m+ 1)(n + 1)〈Awm, wn〉zmzn (7)
by first multiplying both sides (6) by A and then take the inner product
with kz. Thus we have immediately that
A˜z(v) = (1− |v|2)2
∞∑
m,n=0
(m+ 1)(n + 1)〈Azwm, wn〉vmvn (8)
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Fix r ∈ (0, 1) and multiply both sides (8) by vp(1−|v|2)2 and integrate over r∆
to obtain∫
r∆
A˜(ϕz(v))v
p
(1− |v|2)2 dλ(v) =
∞∑
m,n=0
(m+ 1)(n + 1)〈Azwm, wn〉
∫
r∆
vm+pvn dλ(v)
=
∞∑
m=0
(m+ 1)〈Azwm, wm+p〉r2m+2p+2
= r2p+2(〈Az1, wp〉+
∞∑
m=1
(m+ 1)〈Azwm, wm+p〉r2m).
We also have that for all w ∈ ∆ kept fixed, ϕz(w) → ∂∆ as z → ∂∆,
thus A˜(ϕz(w)) → 0 as z → ∂∆. Letting z → ∂∆, the left side of the
equation above tends to 0, since the integrand is bounded by ‖A‖(1−r2)2 which
is independent of v and z which justifies the passage of the limit. Dividing
the right side of the equation by r2p+2 we conclude that
〈Az1, wp〉+
∞∑
m=1
(m+ 1)〈Azwm, wm+p〉r2m → 0
as z → ∂∆ for each r ∈ (0, 1). Note that
|
∞∑
m=1
(m+ 1)〈Azwm, wm+p〉r2m| ≤
∞∑
m=1
(m+ 1)‖A‖‖wm‖‖wm+p‖r2m
≤ ‖A‖
∞∑
m=1
r2m = ‖A‖ r
2
1 − r2 .
Thus, given ǫ > 0, we can choose r = r(ǫ) ∈ (0, 1) such that
|
∞∑
m=1
(m+ 1)〈Azwm, wm+p〉r2m| < ǫ
2
for all z ∈ ∆. Fix such an r then there exist R ∈ (0, 1) such that for
R < |z| < 1, we have
1
r2p+2
|
∫
r∆
A˜(ϕz(v))v
p
(1− |v|2)2 dA(v)| <
ǫ
2
and hence
|〈Az1, vn〉| < ǫ.
Theorem 6 Let f ∈ L1(∆). Suppose that
1. Tf bounded on L
2
a(∆);
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2. f˜(z) → 0 as z → ∂∆.
Then ‖Tf◦ϕz1‖q → 0 as z → ∂∆ for 1 ≤ q ≤ 2.
Proof. It follows from property 1 and Lemma 1 that supz∈∆ ‖Tf◦ϕz1‖2 <
∞. From Theorem 5, we see that Tf◦ϕz1 → 0 weakly in L2a(∆) as z → ∂∆.
Thus Tf◦ϕz1 → 0 uniformly on any compact subsets of ∆, e.g. on r∆, r ∈
(0, 1). First write:
‖Tf◦ϕz1‖qq =
∫
r∆
|Tf◦ϕz1(w)|q dλ(w) +
∫
∆/r∆
|Tf◦ϕz1(w)|q dλ(w).
We next apply Ho¨lder’s inequality to the second integral and we obtain:
∫
∆/r∆
|Tf◦ϕz1(w)|q dλ(w) ≤
{∫
∆/r∆
|Tf◦ϕz1(w)|2 dλ(w)
} q
2
(1− r2) 2−q2
This yields the inequality:
‖Tf◦ϕz1‖qq ≤
∫
r∆
|Tf◦ϕz (w)|q dλ(w) + ‖Tf◦ϕz1‖q2(1 − r2)
2−q
2
≤
∫
r∆
|Tf◦ϕz (w)|q dA(w) + C(1− r2)
2−q
2
where C = supz∈∆ ‖Tf ◦ ϕz1‖q2 <∞ according to property 2.
Now, given ǫ > 0, choose r = rǫ ∈ (0, 1) such that C(1− r2)
2−q
2 < ǫ2 . Fix
such an r; then there exists R = R(ǫ) ∈ (0, 1) such that for R < |z| < 1, we
have: ∫
r∆
|Tf◦ϕz(w)|2 dλ(w) <
ǫ
2
.
Hence, for all ǫ > 0, there exists R = R(ǫ) ∈ (0, 1) such that R < |z| < 1,
we have:
‖Tf◦ϕz1‖qq < ǫ.
In other words, lim
z→∂∆
‖Tf◦ϕz1‖q = 0.
5 Proof of Theorem 2.
Let h ∈ L2a(∆). Then for f ∈ L1(∆, λ) such that Tf is bounded on L2a(∆),
we get:
(Tfh)(v) = 〈Tfh,Kv〉 = 〈h, T ∗fKv〉. (9)
But according to assertions 3 and 4 of Lemma 2, we have:
(T ∗fKv)(u) = TfKu(v). (10)
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Substituting (10) in (9) gives:
(Tfh)(v) =
∫
∆
h(u)(T ∗fKv)(u) dλ(u) =
∫
∆
h(u)(TfKu)(v) dλ(u).
For r ∈ (0, 1), define an operator T [r]f on L2a(∆) by
(T
[r]
f h)(v) =
∫
r∆
h(u)(TfKu)(v) dλ(u).
Then T
[r]
f is an integral operator with kernel (TfKu)(v)χr∆(u). This operator
is a Hilbert Schmidt operator, since∫
∆
∫
∆
|(TfKu)(v)χr∆(u)|2 dλ(v) dλ(u) =
∫
r∆
∫
∆
|TfKu)(v)|2 dλ(v) dλ(u)
=
∫
r∆
‖TfKu‖2 dλ(v)
≤ ‖Tf‖22
∫
r∆
1
(1− |u|2)2 dλ(u)
which is finite since Tf is bounded on L
2
a(∆) and the last integral is over a
compact set. This proves that T
[r]
f is a compact operator on L
2
a(∆).
Furthermore, we only need to show that
‖Tf − T [r]f ‖2 → 0 as r → 1−
where ‖Tf − T [r]f ‖ denotes the norm operator of Tf − T [r]f as an operator
from L2a to itself. Now, for h ∈ L2a we have
(Tf − T [r]f )h(v) =
∫
∆
χ∆/r∆(u)h(u)(TfKu)(v) dλ(u).
This implies Tf − T [r]f extends to an integral operator on L2(∆, dλ) with
kernel
(TfKu)(v)χ∆/r∆(u).
By Schur’s lemma, if there exist a positive measurable function g on ∆ and
constants c1, c2 such that∫
∆
|(TfKu)(v)χ∆/r∆(u)|g(v) dλ(v) ≤ c1g(u) (11)
for all u ∈ ∆ and∫
∆
|(TfKu)(v)χ∆/r∆(u)|g(u) dλ(u) ≤ c2g(v) (12)
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for all v ∈ ∆, then
‖Tf − T [r]f ‖2 ≤ c1c2.
For ǫ > 0, take g(v) = (Kv(v))
ǫ. Then using the same argument as in the
prove of Theorem 1 we see that the left hand side of (11) can be written as
χ∆/r∆(u)(S(P (h ◦ ϕu))(u).
Now for 1 ≤ q < 2 and for 0 < ǫ < 12q′ where q′ is the conjugate exponent
of q, we obtain from Lemma 3 that there exists a constant C > 0 such that
χ∆/r∆(u)(S(P (f ◦ ϕu))(u) ≤ Cχ∆/r∆(u)‖P (f ◦ ϕu)‖q(Ku(u))ǫ
≤ C sup
|u|>r
‖P (f ◦ ϕu)‖q(Ku(u))ǫ.
This gives estimate (11) with c1 = C sup|u|>r ‖P (f ◦ ϕu)‖q.
Similarly we get that the left side of (12) is atmost
C sup
v∈∆
‖P (f ◦ ϕv‖2g(v).
This gives estimate (12) with c2 = C supv∈∆ ‖P (f ◦ ϕv‖2.
Finally, since min( 12q′ ,
1
4) =
1
2q′ , the estimates (11) and (12) both for
g(v) = (Kv(v))
ǫ with ǫ < 12q′ . By Schur’s lemma, we therefore get:
‖Tf − T [r]f ‖2 ≤ c1c2
where
c1 = C sup
|u|>r
‖P (f ◦ ϕu)‖q and c2 = C ′ sup
v∈∆
‖P (f ◦ ϕv‖2.
Since by Theorem 4, c1 → 0 as r → 1 and c2 <∞, the conclusion
‖Tf − T [r]f ‖2 → 0 as r → 1−
follows.
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